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Tumour
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Figure [ The gro th of an qvascu ar fuy our

gro th of cancerous ce s The process Ly hich the tuﬂqour oltains its o n
L ojd supp y is ca ed ANGIOGENESIS and| preventing this fro,ll occurring‘is
of Particu ar interest to drug deve opﬂqent This is kecquse once the tu,‘1 ur
has oltained a4 | ood supp y the tu,,qours can eqve its prinlmry ocation viq the
circu atory systes, ’wletmstr.sis Yand sett e in PR tip e areas of the Lody '-The
METASTATIC stage is the Lm stage of tuﬂlour gro th and the nlost di ;éu t
to treat

Fro,ﬁ the ,‘loﬂqent norya ce s ,‘lutr;te to caficer ce s there are three
distinct stages to cancer The d;ﬂ'erent stages have d",'erent characteristics so
require individua investigation s sha study the pri,,llmry stage avascu ar

tuy our gro th

As previous y nlentionedr' the ater stages of tuﬂlour gro th are RO critica
since it'is usuq y not unti after angiogenesis that cmncerﬂ‘s detri,‘lentm to the
hosts sheq th During the qvascu ar stage the tuﬂlour PR ignant Indeed’
fo o ing a study of hu,‘lr;n cancers in ,‘lice O there is recent controversia

hypothesis that e a have R dor,‘lr.nt avascu ar tu,,qours in our Lodies

Regard esJ of this ¢ inica vie point avascu ar tuy our gro th arrants
the interest of scientists It is Lenﬁﬁim to understand the siﬂlp sysfies and
its co!ilponents prior to mtteﬂlptin na ysis of q #,0T€ COy DY S te‘.‘q bscu

ar tuﬂlours have a0y of the Su © characteristics as avasuc ar tuﬂlours\ Lut

4



the quantity and qua ity of datqa on avascu ar tuﬂlours is of @ higher standard
This is Lecquse it is co,‘lpmrqtive y easier and cheaper to reproduce high qua ity

avascu o tuﬂloum periﬂlentq evidence in in vitro forﬂl

In su,‘T.‘{;ry’ e 1 \einvestigating ﬂqode for avascu ar tu,‘lours see
Figure \as they|ar si,,lp er to A.,lode and he p give an insight into the

,‘qechqnisnls of vasdh o tunqour gro th

Figure 2 / An qvascu ar tuﬂlour
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I
he ro e of 4 the 4 tics in

1“c ncer resg rch

Ever since COn PoE ife evo ved it has leen susceptil e to cancer The od
est description of cancer in huﬂlr;ns as found in an Egyptian papyrus ritten

et een ? % BC Today specit ists are sti g¢ tensive

/



o periﬂlents Llut not 4 ays Through the deve op‘-‘lent and so ution of ﬂlqth
e,‘lr;tim Alode s that deO;}riLe d‘,’erent aspects of so id tuﬂlour gro th app ied
n{;the,,lmtics has the poV¥entia to preventee cessivese periﬂlentqtio )6

Idea ywe periﬂlents and ,,lode ing or hand in hand Thel§e peri,,dents
cal not on y prove to ke cost y hut the gult eties of the PR intricate pro

cesses can eqsiy e over OP(;)( ed By 50 ing tuﬂlour gro th to PRORE data
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A ﬁr\yo ph se | ode of so id
t o r groyth

Byrneeta 7 for,,hu ated a4t o phase ,‘-lode of so id tu,,,qour gro thasa PPRCIE

genera version of t o d‘,’eren prege isiting ﬂlode s for so id tugfour gro th
and 7 A thiJgh fu tal s of the Alode ing qre not given in thig pa

per the lLio ogica Mqsoning and 1ssuﬂlptions that contrilute to the 2 0% are

o€ picit y descriled This is the Alode that e i le discussing and so ving

nu‘.‘leriCr; y in this report J A‘

Our Ltst tf}‘sl is to non diﬂlensionmi e A.‘lode This invo ves the
partia or fu re,;/lovm of units Ly a suitak e sulstitution of varial es Non
diﬂlensionr; isation can si,l-lp ify a prok Cr Ly reducing the nu,‘l!.er of varial es
It 4 so aids anaq ysis of the Lehaviour of q s.yste,‘1 Ly recovering characteristic
properties In our case th?« ey ﬂqotintor to non di,,densionf; ising the sys‘ce,‘ﬁ1
is to enak e us to t& e advantage of pmrfmqeterismtions studied e se here

In this report e sha appwse i,l»lf;te y so ve the non di,‘lension ised 5 0Y
ing Loundary prok ly app ying 4 ﬂﬁloving ﬂlesh approach > move the
ﬂlesh in three d'L,'er t r;ys’ Ly ensuring that PR fractions in r;n% eﬂqent re
ﬂ{lin constant over tiﬂqj by !,dOViIlg the ,Llesh ith the ce ve ocity Ly driving

ortion to that of the g4loving Loundary

The resu ts generated flroﬂl these ﬁqethi

/

2 Mode for | « tion

ﬂqesh nloveﬂlent iin pr
s are discussed and Co,,qpr;red

ith previous resu ts

In 7 itis mssu,‘led that a tuﬂlour consists of ce s and ater ith respective

YO Uy € fractions o and B ( ith &~ B = | The t o phases have an associ






here

" - % @ §is the pressure ib’erence let een the t o phases and RO inc ude
contrikutions due to |foree P e |ce ce interactions and ﬂleﬂlerne
stress It is de[‘ped Ly

S A < Opmin

p_a* ‘, iy < A <

for positive constants (,F, < Oppn < O0* < and

)

fen specifying O 50(* denotes q naturq ce Pag ing density' ifa>
aVee s nove to reduce their stress  hie if o < o* they aggregate if

they are not too sparse y popu ated > Opmin \By del{@ition e have

-
) I



These equations are de fpedon q ,‘lOVing doﬂqqin/ and in the ,,lode are sulject

to the Loundary conditions and initia conditions le o

oC
C:’LU:i: t =, /?';\
Ve =V ™ at X @5
N Ve
p = pea G- gEyscee wx gy g 6
a =0 X)X =% att = . @7\

Equations 2 * ‘ensure Syﬂlﬂqetry akout X = In @ ¢ §COO denotes the nutri






XN; S/t , O =0 at t =
oC
- e W -
ov OXn
:>U&—X;O(\,*, T C = at X =Xy

In equations @: ito C? &

/

S e hiyve introduced the pmrcmqeters

L s Cy s Cyp
S =S Coo, So t!ﬂtﬁ*;‘h S3 *%S,g, Si tSLCooa
X §Cw x5 9Cx
k = = ot Ae
AR Coo v M ?u L /;\;L S COO S

S A < Opmin
— r—1
L' @A) O <A<

—.a v

Q =Qxy{ § Q =Q Ce.

In hat fo o s the hats (- };re dropped flro,,-1 the vaqrial es and Palas,

eters

In this study e sha so ve this ﬂlode nu,‘lericm y using three ﬂlovmg

,,Ilesh ,,dethods
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Mgq ing eshes

Generq y for the nu,,dericm so ution of tiﬂle dependent d"ﬁ'






{ { {

’ D'i{ erent ethods to ¢ e the esh

£ 1 investigate three strategies for ,llovmg the ,,lesh ie dkerent ays to
de N the qlesh ve ocity X The three ﬁlesh ve ocities 1 Le'

A \|ased on conserving PR fractions
B: the ce veocity v/

C: proportiona to the Loundary A.‘lovenlent dzn
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hich can e ritten as

T/ICA ™ T/Cy T/ Cjs



the function is sy‘.ﬁ‘-‘letricm alout 3 Hence e conc ude that at X =-—X_

e have C =C_  Sulstituting these va ues info * Yor j = gives
—2 2
J . S g SC = ‘Q& ‘-; 2\
X — )S X — )‘ ~L Q q )

Therefore’ e have vq ues for T.d,/ T and vy C )

-2

d — _Tu — _—

T. - T. va_)sW!
Q

WG = mC'Qqc.'

Boundary Conditions: j =N —

For the right Loundary e return again to (* | this tige for j =N —
ith the sulstitution Cy |= gfro,‘l @ ‘i §§

J ? C 2 C
XN— —Xn—» XN — Xn-o ) N- XN —Xn— Y- —Xy-o ) N-
- CN_ an— _ 2
L Q Cy- Xy —Xn— v — Xy §

So TJlV_ and T]‘\i,_ re,‘{;in as de[‘tred Ly equation ¢ S/ Lut the ll’h entry in
W C thas ange tra ters due to the Loundary condition

No ehaveour COp P ete ,‘{.tyl syste,jqf T to oltain C; g =, ,..N—
§ Lut ngtel that the right hand side is non ineqr

Numerically solving the discretized PDE

For the so ution of ;“\? § e use Ne ton Sr'ﬂqethod/ here the residua vector R
of "2 §is

R = TC-wgC )

’

bs see C such that R =0 so equation (*? thods Note that if Q =
thY equations are inear and no iteration is needed Other ise e carry out
Ne ton s Method












{f f

» g Finding a singg ‘Q ing esh

Once C and V are detery, ined over the region e sewe the so ution of the tiﬂle
dependent PDE é’- \using a ‘%OVing ,,desh approach £ iee rmqine three
d'hﬁ'erent ays to n0ve the ,‘qesh For o thr ﬂlethodsf ﬁi updated ,jlesh is
oktained Om, the ﬂlesh ve ocity used in anee p icit tiﬂle stdpping sche,‘le

Th Ltst ay of A.‘lovmg the A.,lesh Method A ‘;ie[ _jes the ﬂlesh A.‘lovenlent

LL eeping the fe PRE fractions constqant in ti,,le The second uses the ce



It is orth noting that this corresponds to the g oka PR Lo ance resu t

T



Recovering the Solution a

To |_d an equation that 4 0 s us to ca cuate the so ution o from,
the ﬂlesh e return to "? }md eqyate “adX at ti,‘les tand let een the
t o pointﬂ - hand § - Vasi "

x4t Tj4+10

0(9<,t§dx = 6; \ a ¥, §dx.
Y ) T

App ying the s Can Yo ue theore,‘q for integra s and t& ing the aean Yo ue to
beat X; § e oltain the appwn i‘.‘{;‘cion '

g P IT- EIRR) = e X )



g no 2 0ve on to Method B
v

'8 " Method B

nder this strategy the ve ocity of the Loundary is equa to the ve ocity of the
ce s at the boundary Then

Once the ﬂqesh ve ocity is deuaed as alove the ne ﬂlesh can le deter‘.‘jined
Ly anee picit tiﬂle stepping sche,‘le/ as in Method

To recover O on this ne ﬂlesh in a conservative manner e dé_ge the partia
PRES

Tip1 t
j = a dx. ¢ 2
0= ri—1t )
D",'erentimtin% j ith respect to tiﬂle/ using Leilnitz integra tue  here
2
Xj =V

d %+t
A\ — a dX,
'x dt zj—l t
ittt 9o~ /j+
= — dx oax
oot O j
zit1t g

a 0
= > — Qv \dx.
et Ot ox! )

Hence the terﬂls under the integra are equa to one side of the PDE @: § SO
can ke rep aced Ly the source ter,‘q'

B Tj+1 aq ) d
R S A
Tjp1
= Sga,C\
Tj—1 )

£ updmt% L at the ne tiﬂqe Ly using anee p icit tiﬂle stepping scheﬂqe
gthen use the ne vq % fogx and Lﬁd the updated so ution ly S € the
ﬂli%l point app#o ix ytionHs in Method A app ied to (% 2 )

_Q(j+ — Xj— o =



giving
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Bre g rd ety o]é Method

In ‘i the Sus € Tl OUT gro th prol Ca is so ved Ly ,‘lmpping the variak e X {t )

to qi{red do,ilr;in & e

/

Ly the trmnsfornlmtion ¢ = % and T =t here

=Xn § sing the chmiréu e of Chmpterg . the trmnsfor,jled prol Cn, eads

aia_édi%~Lfi oV S—M 1

0t dtaE 9EY ’ ~rLsC
0 k "av o'
or W@ —4 M5

2°’C - Q "aC

98 =~ QC’
ith initia and Youndary conditions
=, 0 =0 at
o
FR *
ov

HFE = Z‘a !‘, C = rlt
d =V t
a0 "

ov

"ot

’

S»-L S3C

—q,
L s5,C

¢
(&2
7y

(€€

7 )

here k and | hqve the Sum © deuﬁtion as before and the pressure d‘,’erence

et een the t o phases X @ §is de[jred in the specia case § =r =

/

and



q =2 [ as

] §a<amin

*
— &

2 Amin

<a<

To COp Pate the resu ts f1ro,1ﬁ1 the ,‘lOVing ,,qesh ,‘lethod to those in ‘i e have
rep icated their resu ts sing the alove set of equations e postu q4te the

@ gorithmﬁ1
Pre iﬂlinr;ry{ Ol tain an initia C v, and o

¢ §Find C



have C_ =C and Cy = f]ro,,,1 ;6 % and ;6 ¢ respective y To correspond

ith these conditions the alove equation for the specia cases j = and j =
;*f — ale
-~ - Q€2 -C , -
2G2C = i &Y = WG
_ Q¢ 4Ona _
Cy——2Cy- = gy, (&Y= = wln- )
As in Chapter * e rite the non inear syste,‘q as
q‘ TC =wC )
v Y
here
" Cisavectorof G toCy_  j =, ,...N —
W@ \is 4 vector ofW@j §j =, ,..N—
and

T is o tridiagona s atwi of the C; coe _éients/

-2 2

—2

—2
The suk a gorith,‘1 for ca cu ating C is the Sam € S in Chapter % Nag ey

.. f ..
Pre Maq e t ess for C
re iy inary ;} an initia guess for

ad seCriolpdwChy

¢ { Find the residua R? =TCP —w C7
€ ‘/ Ca cu ate the Jacolian of RP
OR? ] ow? !
RLJEAA N i
aCr [ac f’
l



1

P
herei,j =, ,...N — and" 2% \is the diagon i
J Q 707 l’ agona n{l«fﬁl
QKQ 0 /& r‘
+Q1Co 2\ )
QKQ -] /
aWZ — +Q16‘11 ‘ﬁf‘/
0C;

Q¥ w1,
+Q1CNn_1 2 VAE 3

d { Find H? = g7 § R?

{Set CP* =CP - HP

/

el

¢ i ith the ne appan iy ation CP* | return to { Vand repeat unti ¢ \
Coﬁvergesf as peasured Ly |[CPY —CPla< x =

pwP .
In step ¢ \,the entries to the diagona n{t@i % contqin anee tra factor of
7Cl

? ;AE S hen co,,dpf;red to Chapter * to 1000,11‘.‘10dmte the d‘,’erent w @j §

Findind‘the velocity v

b Ltrd the ve ocity in the Su © m WNET a3 in Chapter %2 b discretise
;@ Yand rearrange so that v

l -~ dy —hay. a — /e
Alv; S Afvie Abve =b@; i =2,.N— (€0 y

Y

| e d — 8 _ 5+ G-1 K .+ N k2 5\’
here A; *Hi"x A ( i),
v~ forj = ,2,.,N—  and
a
—_ g o ) ., . _ g o ) -, .
by V=g @ aje & fa aje A 4O o § o oy

As ith the ﬂloving ,‘Flesh equations \y =  For the case hen JoTdTTTTeTTTTTTTTTTTT TnsiTdTdCTmTd,



Let Aé A? and AY j = ,2,..,N Jle the respective entries to the o er’
‘.‘{;in and upper diagona s of ‘.‘{;tjrl A’ and bp(j \)r b @ §u = ,2,..., §
Hence Step 2. |_eding the ce ve ocity V. is detery ined Ly so ving

As intended e have cq cuated C qand VvV on 1i{red A.‘qesh in the suw € ay as
e cq cu ated theﬂﬁl on a ,‘low'ing ﬂlesh For the&{ced ,jlesh there is n:‘,‘lesh
‘vie ocity to d® ge Lut esti need to coﬂlpute the change in the tuﬂlour adius

Finding the solutioh a

Fina y to oktain o on thei{ced ,‘lesh/ e discretise ;6 4 picit y in ti‘.‘le,/

ith o centra d}'erence AppW i,,dmtion in| space

i+ i i _q ol v
ﬂ‘ a; o _ &n Oy —OG Vi O TV 05
A > & ™
" o gt € e i
_ (-s &G - G;:J_S°LS'3CJO(@
LS C;i L sLC;ﬁ 7’
o o i i _vi gl
A o e y Vi a VJ‘*\,G'*
j o & y &
. o gt g e i
R TR T A ROV
s C s CHTT v
i = N

A one sided appwo iﬂlr;tion to af is used at the Loundaries This sche,,qe is

non conservqtive gee Chmpter& § § are assuming that the a qre updated
in this ay in v

FindiMy the tumour radius

By ‘67 \the tuﬂlour radius  gro s at the S © rate as the ce ve ocity at
the Loundary vy e Ltrd the tu,) our rqadius at the ne tiﬂle eve ly using
theee picit Eu er ti‘-‘q! stepping s eﬂle/



/

¢ . N erig Res ts for Breyg rd ety o/é Method

It is i,‘lportmnt to reﬂ{},E that the nu,‘lericm @ gorithﬂél specilpd in this chap
ter is a sur,ilise lased upon the trf.nsfor,‘led prol Ca given in S Ho ever
so ving the trmnsforﬂled prol Ca using this nuﬂlericm process e succeifu y
generqte p ots hich rep icate those sho n in © can therefpre Le ®ason
aly conlﬁent é\ our pre i,‘linmry ca CIiétions in Chr!pter‘i re e Lﬁd the
concentrqation

and ce ve ocity V usi Lpite d",'erences









for loth aand Nonethe ess e can ke reasonal y conlﬁent that the so ution

and the tuﬂlour Loundary conj&rges



Ch _p?er ,

M q[g res ts for Q ing
esh ethods

In this section e use the ﬂqovmg ,,q(%h Aqethods descriled ear ier to present nu
njemcf; 51,,111 atjons of the non dlﬂlensmnr; ised ﬂlode equations é /%0 ‘i \
in severq para¥ eter regi PR Our r;i,,-qs are to COm Pare the three d",'erent 50
ing qlesh qlethods and a so to COp Pate theresu ts ithee isting .jlesh nu.‘lerlcm

5111111 ations in ‘i



The resu ts given here are the non di‘.‘lensionm ised vques T



stepping sche,‘le as used In this case as the nu‘-‘lLer of nodes doul ed the
ti,,-qe step as quaftered This decision as ,,,{;de as the so ution o is recovered

using nﬁj poin® appwn iﬂlqtion' hi‘(ﬁ is second order in space and theee
p icit Eu ti,l-le stepping sche,‘le is L order in ti,‘le
£ oudee pect the so ution¥ to converge qu'i‘g er here us/ing the ODE2 2
SO ver Lgc use this uses an appwe iﬂ{;tion Lased upon Runge Mutta 2 and 2
hich hqa% q higher order of accuracy than Eu er ti,j1 tepping Ho ever e
:ﬁou d Le carefu to note that the ti,,,lesteps are consideral y arger Hen using

DE22

Taler / Re ative errors for






convergence yehqviour hen coﬂlpmring Fuer tiﬂle stepping and using ODE2 2
Yet. ithin 4 chosen ti:‘e stepping sche,,,lef Method B and C have near y iden
tica gonvergence ratesW especia y hen hen using ODE22 (Tal es ©2 and
©72 W Qen coﬂlpmring Methods B arjd C [ith theee p icit Eu er ti,,qe stepping
dakes™ % and © GS e see that the o Yonverge siﬂqi ary but the order of
convergence of X for M¢thod B {IRL e };ppemrs to Le Lehaving erratica y
a beit for the S v d¥ta Sam D e oltained here The ﬂlesh fro,Ll Method C'
together ith Euer S’tiﬂle stepping {P;L eo @ § seey S to have the highest rate
of convergence
It ¥ppears that genera y the ,,lesh approaches an order of convergence
arger thant o  hista 20y prove to e of second order convergence Ho ever
e cannot Lefsurg of the order of convergence in any of the cases ithout hiyving
s ore data J\d ,ilpr.ring the so utions to data retrieved using |;I‘ >>© MW Even

o e can ke reqsonal y con[‘&ent that the so ution and ,jlesh onverge for q

A

)0 Co p rison yith Bre g rd ety ;/s ethod 4

thre ,jqoﬁng !,desh ,jlethods

o0 Co p ring Fig re gfro 4
b ish to COy Pare our nuﬁlericn ,‘lethods to the ,llesh ,‘lethod used in ‘i b
geﬁe ate resu ts using the Sfu‘le pmrrmleters akove to Coﬂlpmre our resu ts itl¥
Fig¥re 2 in ‘i A three ,llethods ere investigated using Loth theee plicit
Euer tiﬂle stepping scheﬂle and OE22 Throughout this section e Ly ©
N = M = . J%qndrun unti W =-% J '
Methods A and C produce very siﬂli ar p ots to each other regald ess of
the tiﬂie stepping approach For this reason on y the resu ts fro,‘él Method A

are inc uded here

These p icit Eu er tiﬂle stepping scheﬂle and ODE? 2 generqte v






Method B appears to Lehave w} e Method A and ‘i at ear ier tiﬂqesf Lut
after appwo i,,,lr;te vt :‘i £ 1ppeirs to gro at the Loundary and no onger
decreqses at a4 regu ar rate at the centre of th;‘tu,‘qour The p ots fro,,l Method
B are ess s,‘looth,/ despite the Sum © nu,l-lLe of nodes used for Loth nlethods
There is o considerak e, 1£ in d and Vv for t t‘i % hich appears to drmlpen
for ater ti,‘les The so ution o does not drop le o ‘i at the centre of the
tu,,lour/ even fort = (ot sho n here § Th& ey Maracteristics re‘.‘lmin even
for Sw er At and 4 s0 hen ujsi“vig ODE232 éugge ing that this Lehqviour is

e processes of Method B and Method C qre

very si,‘li ar and as Met®od C Lehaves as in Figures © and © 2. it is reqsonal e

due to the nuﬂqericm ue hod

to conc ude that tr}s ing the ce ve ocity ith the ﬂqesh nodes can resu t in the
ﬂlesh Lecoﬂling t00 coarse in S0 C Areas his is q prol Cr that coud le COn
pounded over tiﬂlef especia y here theWce ve ocities vary et een positive
and negative At this point thefnodes oud e,

eaving a considerak e deuzit M Let e:‘w Indeed if e 0‘2 at Wigure °£ for
¢ )

.jlovmg in opposife directions’
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S
@o gq’ring Method C, nd the

esh ethod in

In Chapter ® e so ved the non conservative for,‘q of the tuy our gro th prol

eﬂl/ s stated |n 4

da  &d dq 0 e
ot drog . e iTs@c

N g

In ‘i there is no ,,lention of the nu,,lericm process So e SC\Ved ;6 Ly
9€ picity tiﬂle stepping a Ly Euer S/A.,lethod'

-

qnew :GOM\L At Snew _ ,aoldvnew *’;l_ Ea#ld — Q \
old ¥ ) old

Let us COy Pare this to the ﬂloﬁng ﬂqesh Method C in Section ®2 2 Here e

use the conservqtive for,‘q(% “adx =S dX) of the PDE "
oJq 0
L. —@av \=S@a,C \
ot ax VTR
to Lpd the integra of a ith respect to space b deua{.ex = "a dx thus
discrete y v
a :'i' f‘) §

Instead ofee picity ti,,,le stepping 0 ege picity ti,‘le Steppec.lx Ly Euer y
‘qlethod in the for,l1

new old
. e e I
o=’ o=’ “
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F rther vyor

.
.

v A tering the ce ., e ocity "o nd ry condition

Throughout this report e have not changed the ﬂlode presented in ;7 and g

Let us consider the Loundary condition on the ce ve ocity
vV = at X = .

Possil e future or cou d invo ve changing the eft Loundary condition to

dv fx -

dX - @ B |

depending on aqn inter pressure Thus v /~ at the inner Loundary This
oud PR that the tup, our ou d sti reﬂ{;in sy,‘T.‘letricm alout X => / Lut,

;‘16 ce s in the centre |ou dérwe a ve ocity that depends on the viscosity W
rag K and the nutrieny con®entrqtion C {hen the necrotic core for‘.,,lsf ie
hen o — . the regi®h occupied Ly ce s 2 0ves 4 ay fro,‘q the origin The

rol e, Ou d Le so ved on the region occupied Ly q /~

{

v~ Ky  ining|the ¢ ect of )‘ a)

Let us return to X (@ \irf the for,jl sho nin Sections 2

" < A < Oiin,

X@ Y=
v [ d @ =0\ Opin <A<

< — 9 '

_ *|T71
— .

For 0., < a* there is discontinuity at O, This ju‘.‘qp 2Ty Cause inqccurqcies

hen nu‘.‘lericm Y aDPp#0 i‘.‘lr;ting the derivative of X (! § used in Chapter %2

‘ ‘



since in this section e so ved the equation for the ce ve ocity @ Wy

discretising in space jhe right hand side of the ,,dmtyi systes, (- V asa

vector of the nuﬂlericm aDpP¥n iﬂqqtion of % X @ § “

d y & — “ S_ p ‘

ax XEEL = 0 X @ 10X Oy ) \
\ - 1

— ()f OG- ot X ?, ‘aj"“L v ‘, _ r‘; OG- ;- X ?, oG- O ‘) .

By appwo i,,dqting across the ho e region in this !L-lf;nner' e qre not qccount
ing for the juﬂlp in X @ \;;t é = Olyin, This a7y cause #\1ccurmcies at this
point.  hich ﬁlight account ®r the severe osci ations in Wigures 7 /7 to /7

These _fgures use Oin = .@.nd of = .9 qnd sho that the so ution is e

Leha v unti near the point here o drops do n to ¢ "

To assess this error in our diftretisation e id®ntify hen a =04, and use 4
one sided appwso iﬂ{;tion for % (‘(X @ § ejther side of this point so as to not
discretise across the ju,,-qp nx@)

As in the ve ocity cq cu ation it is necessary to use one sided aDDP#0 i,‘lr;tions

at the Sum © point @ =0Omn § hen Lﬁding the so ution o This is Lecquse O
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Let us identify the node just to the eft of the point

_ *"1}.5 er node » hich e shqa denote as X, To fwcou:} for the juﬂlp Llet een

X and Xp, 4

Downwind
1
\

X — Xom—

A

ining the %’ ect of X(O)

use # one sided discretisqtion of ;3’

ov oY
10)4 H

Op—— —ax @ ax—ax;o(

/
m

G#;cretisation of the velocity (3.10) at x,,

o lJ_:

here o = 0, as the

‘/at X, and X

=

V 1

m—z

o 2
m—%

Again e use a one sided discretisation on the ters s in the square erbc! ets

S0 as to| not appwe i,,lf;te a dLbrentim aCross X,

A so as Lefore e use
a Ve Voo Oy &
— “‘L — —
H m X — Xy X‘m Tm

k L

am_% 5 Ol Oy §
Vi, — V—
_ " u,, — =X, &
Xom — X Ha;y, X — Xy X;m Sm
K o, Oy
—y o m m L Vst Vi, \
-2 ‘(}7;{"— Oy — ’
1 1 -
Vo, — Vi— Vin— — Vp—
pay, — MOy —
Xon, — Xyn— X — Xym—2

) P Ot O

Vit Vi

)






r],Ild

T
by = (ber gy b e 1 bav- o
T
v = (v Vo -+ Vp Vg -+ VN_ VN) :
Recovering a,, and a,,. using one-sided approximations

For consist(ancyf e recover O using « one sided appwn iﬂlqtion at X, and X,
Method A'

o, — S m ¥Xmo Y
e‘ ;mC[i_Xm*‘tS
Bt Wt { X (\
_ v mAY T AmAt
a = (o .
T B Yo e VT

Methods B and C'

a — —.—1—
m Xom — Xy
m-+

a — .
e Xm+2 — Xm+

b5 shou d note that the do n ind appwe iﬂlmtion at X,, requires m >2. Lut
thg position here o =0,;,] odcurs at the right hand Loundary so intia y m

isp’i( ey to le Sw CF than 2



