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Abstract

This dissertation looks at methods used to model wave scattering over an un-
even water bed, namely the mild-slope equation and the modified mild-slope
equation. These methods are then manipulated so they can be applied to acous-
tic wave motion through a duct. The ducts modelled in this dissertation have
an undulating region with two uniform regions either side that may or may not
have the same width. The walls of the ducts have Dirichlet boundary condi-
tions, however the e ect of Neumann boundary conditions are discussed. Both
the scattering problem and the trapped wave problem are considered. The
scattering problem is modelled with both a single mode approximation and
a multi-mode approximation. The results from these two methods are com-
pared. When modelling the trapped wave problem, only the single mode is
considered. Nonetheless, the multi-mode approximation applied to this prob-
lem is discussed. The occurrence of more than one trapped wave within the
undulating region of the duct is also investigated.
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Introduction
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This dissertation explores new methods for approximating acoustic wave motion
through a varying duct. An application of the work covered in this dissertation
is controlling noise reduction in inlets and exhausts of jet engines, which e ec-
tively function like acoustic waveguides.

We will be looking at a cross section of a duct with two regions of con-
stant, but not necessarily the same, width. Joining these tw



Introduction

there are di erences between the water bed problem and our acoustic problem,
we can develop a model to solve our problem based on methods used to solve
the former problem.

In Chapter 2, the reader is introduced to the scattering problem over an
uneven water bed. Due to the linearity of the problem, the relation between
the amplitudes of the incoming waves and outgoing waves are discovered. Once
the scattering problem is defined, we are shown one approach used to acquire
the modified mild-slope equation and the mild slope equation. Following the
derivation of these equations is a discussion about their use as an approxima-
tion tool for a varying water bed model, taking into account the assumptions



Introduction

further work with acoustic wave transmission through ducts. Areas of further
work include multi-mode approximations for the trapped wave problem and
discussing the e ect of Neumann boundary conditions along the duct walls.



Wave Scattering Over Uneven Depth
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There has been extensive research into water waves propagating over a varying






Wave Scattering Over Uneven Depth

and kp, are the positive, real roots of
0 = —kp tankyh, (2.9)

arranged so that k; < knp+1 (n > 1). The coe cients in (2.6) and (2.7) are
de

co=co(h) = 2y/k(2kh + sinh(2kh))~L, (2.10)
ch=cn(h) = 2y/kn(2knh + sinh(2k,h))~2, (n>1), (2.11)
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or equivalently

/



Wave Scattering Over Uneven Depth

Note that these assumptions are satisfied when h is constant. The second
assumption allows us to simplify equation (2.23) to the mild-slope equation

Vh.UoVh@o + Uugk?@ = 0. (2.24)



Wave Scattering Over Uneven Depth

slope equation.
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The reader should now be familiar with one method that is used to obtain the
mild-slope equation and one of its variants - the modified mild slope equation.
As we have seen, a clear benefit of using the mild-slope equation (or a variant
of it), is its manner of reducing the dimension of the problem.






Wave Scattering Over Uneven Depth

duct walls meet the uniform regions smoothly, i.e., we require that a (0) =
b(@)=a()=b()=0.

13






Single Mode Approximations

there are two di erent v. We shall use the notation v to correspond with g;
and bj, where j =0, 1.

To obtain v we use the conditions determined by the Dirichlet boundary
conditions, namely Y (b;) = 0, hence

Asin [\/



Single Mode Approximations

velocity potential is equal, locally, to its behaviour over a flat bed - this is a

key assumption of the mild-slope equation which was discussed earlier in this
dissertation.
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Taking the earlier assumption into consideration, let us mo
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Substituting these values back into (3.14) gives

b
0 = / [(UlYl)xx + (UlYl)yy + kzulYl] Y1 dy
a

b

/ [ulxxYl + 2leu1x + ul(lex + Ylyy + szl] Y]_ dy
a

= au, +au; + (B +y+ k?a)uy

(auy) + (B +y +K*a)uy (3.20)

where (.) denotes the di erentiation with respect to X,

a= (Y1, Y1), B=1(Yy,Y1), y=(
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Note that B =0whena =b =a =b =0.
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for their derivatives. This produces

u(07) = 1+R, (3.37)
u,07) = iKQ@u-R), (3.38)
= u, 01 +ikPu 0 = K0 -R)+ kP +R)

=0 = u0)+ik?u0) - 2ik®.  (3.39)

The right-hand boundary condition is found using similar reasoning with (3.34)
matching (3.13) at x = to give

0=u,()— ikPus(). (3.40)
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To calculate ¢ in the undulating region, we must first solve equation (3.20) with
(3.39) and (3.40) as the boundary conditions. This is done using a Matlab built-
in programme, bvp4c, which solves boundary value problems for ODEs. This is
an e ective solver, but the underlying method and the computing environment
are not appropriate for high accuracies nor for problems with extremely sharp
changes in their solutions.

When using bvp4c
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As with the travelling wave problem, to determine the boundary conditions at
X =0 and x = we assume that the regions of the duct are joined smoothly
at these two points. Then we require that the pressure and its gradient are
continuous at x = 0, from which we must have

ur(07) = ug(0M), (3.46)
u(07) = uy(0M), (3.47)

where u;(0%) denotes u; slightly to the left or right of zero accordingly, and
similarly for uy( *).

We use (3.45) from the previous subsection to determine u1(0™) and
u,(07) and then combine them in a manner that eliminates the unknown A.

ur(07) = A, (3.48)

u©) = ANO ke, (3.49)
= u;(0) - \/\WUl(O) = 0.

Using the same approach for x = gives

u () + v —k2u() = o (3.51)

by ¥ _=
Lo4 n* i:ﬂ eE=en yePro g

(3.50)
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Firstly, it should be mentioned that this is an eigenvalue pr



Single Mode Approximations

roots of this function, if any, are the eigenvalues.

The roots of the plot can be found using the bisection method, which
is a root-finding algorithm that works by repeatedly dividing an interval in half
and then selecting the subinterval in which the root exists. The absolute error






Including More Modes

where now

Yn(X,y) = sin <nn(y—a)>

- n=12.N. (4.3)

Since we cannot expect (V2+k2)(5 = 0, we require a weak form of the Helmholtz
equation written as

[
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Note here that o
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and
N N
S TIKPUn = Ra)Ya(y) = D uy(0)Yn(0,y) (4.22)
n=1 n=1
= ikOUn—Ry) = uy(0), n=1,2.,N. (4.23)

Upon eliminating the unknown Ry, from these two equations, our first boundary
condition is

u,(0) + ikQu,(0) = 2ik 91, n=12,.,N. (4.24)

Following a similar procedure we can find the right-hand boundary condition.
In x> , we write

N
o~ > Toe™ XYa(y). (4.25)
n=1

where T, is the (unknown) coe cient of the n™ transmitted mode. INn0 < x < ,
as before,

N
O~ > Un(X)Yn(X,y). (4.26)

n=1

As with the previous case, for continuity these two equations, and their deriva-

tives, must be equal at the interface x = . Thus
N ) N
> Tae™ ™ Ya@y) = D un()Yn(,Y) (4.27)
n=1 n=1
ST = un() (4.28)
and
N @ N
D ikPTRe™ ™ Yay) = > un()Yn(,y) (4.29)
n=1 n=1
= KOTe = u () n=12.,N (430

Eliminating Tp, the unknown, from equations (4.28) and (4.30) brings us to our
second boundary condition,

us( ) —ikQPup()=0 n=12,.,N. (4.31)

27






Numerical Results
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All the scattering problems discussed here satisfy the inequality (3.11) for all
a(x) and b(x), thus ensuring the presence of one and only one propagating wave.

-
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Two di erent categories of duct Were modelled. The first, which will be referred
to as duct (1), can be described by

0 X<0
a(x) =< dsin®(X) 0<x< (5.1)
d X >
and
1 X<0
b(x) =9 1-a(x) 0<x< (5.2)
1-d X> .

Figures (5.1), (5.2) and (5.1.1) refer to whend =0.1, k =6 and = 1. We can
see that there is more activity to the left of the duct than to the right. This
shows that we have a large amount of reflection and not much transmission.
Figure (5.3) is an interesting plot. It shows the e ect of increasing
so the slope of the duct walls for 0 < x < is more gradual. The reflection
oscillates greatly as is increased. Whilst the peaks remain at a constant at a
little above |R| = 0.9, the troughs (where there is not much reflection) smoothly

29



Numerical Results

vary. The first trough corresponds to |R| approximately being 0.05. From here,
as k increases each trough corresponds to more reflection than the previous
until k is around 40 to 44. At this point, the troughs decrease to mirror the
results on the left-hand side of this point. From this figure we conclude that
the relection produced from duct (1) varies greatly depending on k .

Now let us consider a duct that varies more smoothly, duct(2). The duct
walls are defined as

0 X<0
a(x) = ¢ dsin? (M) 0<x< (5.3)
0 X>
and
1 Xx<0
b(x) =< 1—-a(x) 0<x< (5.4)
1 x>

Figures (5.4), (5.5) and (5.6) refer to when d = 0.1, =2, k =4 and
1 = 1. When comparing these results with the previous duct, we can see that
there is much less reflection. Therefore, we can state that a duct of this shape
allows more acoustic wave transmission than the previous duct shape. However,
when p is increased to eight so the duct walls have eight ‘humps’ for0 <x < ,
we have a di erent conclusion. Figures (5.7), (5.8) and (5.9) show us that nearly
all the energy has been reflected back.

The concept of there being more reflection when there are more ‘humps’ is
explored further in figure (5.10). Each time p increases, so does k|R|, especially
for smaller . As the length of the undulating region increases there is less
di erence between the di erent pu. Indeed, for =1, the di erence in k|R| for
p=1and p =2 is minimal. For each p, k|R| seems to level 0 to a constant,
and for larger p this plateau is reached for smaller .

Figures (5.11) and (5.12) display k|R| for varying d and . Figure (5.11)
refers to when p = 1 and figure (5.12) refers to when p = 2. In both cases we
can see that as and d increase, so does k|R|. Perhaps a surprising outcome is
that varying has a more forceful e ect on k|R| than d, where d determines the
size of the ‘humps’. This is especially noticeable in (5.12) where the changes in
k|R| occur for smaller . The outcome that d created is similar for both p.

30
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As mentioned in Section (3.2), b-efore finding the velocity potential ¢ we must
first find a value of k for which there is a trapped wave. Once again, we take
duct (2)

0 X<0
a(x) = dsin? (M) 0<x< (5.5)
0 X>
and
1 X<0
b(x)=¢ 1—-a(x) 0<x< (5.6)
1 X >

However, for this problem we shall choose d = —0.15. Let us first examine the
duct with =2 and p = 1. Figure (5.20) shows the second boundary condition
plotted against k. From this plot, it is di cult to determine whether there are
any eigenvalues for this model, so figure (5.21) zooms in on a small section of
the plot to verify that an eigenvalue exists. Using the bisection method, the
root is found to be at k = 2.8901. This value of k is then to produce figures
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Figure 5.25: Real plot of u over duct (2) for u = 1.
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Numerical Results

Figure 5.35: Surf plot of @ over duct (2) for the first trapped wave (n = 4).
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Figure 5.36: Real plot of u over duct (2) for the first trapped wave (n = 4).
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Figure 5.45: Surf plot of @ over duct (2) for the first trapped wave (n = 5).
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Figure 5.49: Real plot of u over duct (2) for the second trapped wave (n = 5).
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Figure 5.51: Surf plot of ¢ over duct (2) for the third trapped wave (n = 5).



















Summary and Conclusions

equations is then solved in a manner that is parallel to the single mode approx-
imation, thus allowing us to find ¢.

For a single mode approximation, we did not only explore the scattering
problem, but also the trapped wave problem . This problem involved an ad-
ditional step before being able to find uy as it is an eigenvalue problem. So
firstly, we had to discover a situation that would provide us with a trapped
wave. To find an approximation to the trapped wave problem, another Matlab
programme was discussed - ode23. The required manipulation of our ODE and
the boundary conditions to find an eigenvalue was more subtle for this problem
than for the scattering problem.

Next, we saw the numerical results of the mentioned models. The results
for the multi-mode approximations are almost the same as the single mode
approximations. This indicates, that for a scattering problem with Dirichlet
conditions along the duct walls, a single mode approximation is e cient. As
the single mode approximation does not require matrices of coe cients to be
stored, it is definitely the more cost-e cient of the two approximations. How-
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