ELECTROMAGNETIC SCATTERING BY SIMPLE ICE
CRYSTAL SHAPES

Richard Silveira

August 25, 2006



Abstract

We consider the problem of electromagnetic scattering by simple ice crystal shapes. This has
important meteorological applications, where understanding the behaviour of scattered radiation
through clouds can enable the remote measurement of quantities such as ice crystal sizes and cloud
optical depths. We solve Maxwell’s equations to set up a boundary-value transmission problem. The
Helmholtz equation is satisfied inside and outside the ice crystal with complex and real wavenumbers
respectively. We apply Green’s Representation Theorem to reformulate the problem as a set of
boundary integral equations, for which the unknowns are the total field and its normal derivative.
We solve via a Galerkin boundary element method, originally developed for acoustic scattering, and
investigate its e [edtiveness. Some encouraging results are obtained, though we note the limitations
of applying such a method to our problem. Further work is suggested that may alleviate these

constraints.
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1 Introduction

Electromagnetic scattering is an important application in many areas of science and industry, from the
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2 The Boundary-Value Transmission Problem

2.1 From Maxwell’s equations to the Helmholtz equation

We start with Maxwell’s equations, which describe the propagation of electromagnetic waves in a

medium.

IZElz%
CH = 0
+paa—|:=0

—I_%%—GE =0

where o is thelumedium.
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We denote the domain of the scatterer in the plane of incidence by D, with the exterior domain
R2\ D. The total field outside is given by ut(x) = u'(x) + us(x), where us(x) is the scattered field.
Inside the total field is equal to the transmitted field, ug(Xx). Outside we take the parameter values as
those for a vacuum, which is a good approximation for air. Therefore we have 0 = 0, [F [gl(electric
permittivity of free space) and u = o (magnetic permeability of free space). Inside, we take p = W,
since ice is non-magnetic, with ¢ and [llaking the appropriate values for ice (we will continue to denote
by ¢ and p for clarity). Thus we have the scattered and transmitted fields satisfying the Helmholtz

equation in both domains.

AUS(X) +Kk2uS(x) = 0, k®=w?yplg] (2.1)

Aup(x) + k2up(x) = 0, k3= w?pgF ipoow (2.2)

The significance of the complex wavenumber is that the transmitted field decays inside D, due to

the non-zero conductivity. In the limit ¢ — oo
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11
w0 = o) oY - oW, x.y) ds)
e o0 (xy) aut(y) -
= Uy T Tan Pk xy) ds(y), x D (23)
T ooy () -
s — s 1 — RP D .
w(x) = i us(y) ne) In ok, x,y) ds(y), X \D 2.4)

In (2.3) we have used the boundary condition that ut = ug on I". ®(k, x,y) and ®(ko, X, y) are the

fundamental solutions to the 2-D Helmholtz equations (2.1) and (2.2)

1
4
Lo
P(ko, X, ¥) = 7Hg (Kolx = ¥I)

ok, %, y) = ~HPKIx = yI)

Hél)(z) is the Hankel function of the first kind of order zero. An important feature to note that is
thatasz - 0, Hél)(z) - —oo [1hnd is undefined at the origin. This is relevant to some of the integrals
we encounter later. We choose to solve for the total field outside, ut, rather than the scattered field us.
The reason for this is that if we solve for the scattered field we are left with a singular integral, whereas
if we consider the total field, we obtain two such terms whose singularities are equal and opposite and
cancel each other out (see (4.7)). We therefore add the following term to both sides of (2.4),

1
YK, X,y) ds(y) +u'(x), x CRE\D

1

G(x) = r ui(y)adJ(k, x,y) _oul

an(y) on

We then have

00(k,x,y) _ au'(y)
an(y) an

-
ut(x) = i u(y) o(k,x,y) ds(y) + u'
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1
SU) = WOk X, Y)ds()
=
S0 5= W00 X Y)E0)
Kued = wen2 X asy)
- acpkyx )
Kop6) = we) 250X as(y)
- adbki/ )
B9 = w2 asy)
=
09(k0, x.)
K0 = b5 s =-ds(y)
r
0 - 0Pk, x,y)
TY(x) = an(x) LU(Y)WdS(Y)
9 0 (ko, X, y)
Toy(x) = an() rLU(Y)T(y)dS(Y)

We take (2.8)-(2.6) and (2.9)-(2.7) to give us the following integral equations

t _
2+ Ko — KUt + (S — so)g—un = 20 (2.10)

2+ K"
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the main dilerence being that we seek here to approximate two unknowns. We also note the

integral equations we would obtain if we solved for the scattered field, us.

out
— t —
2+ Kog—K)u" +(5—Sp) an

i i d
—u' — Kou' + Sg—
! ou %an

2+ K™ K%a—”t + (To — THU
o an 0
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N¢ 1
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ncos(6j) — n¢ cos(6y)
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i?ﬂ{ﬂﬂ_—e > Bcrit
0

L]
[ . .
1 [tofal internal reflection
1

e

L]
L]
L1
1

A

B

Figure 2.3: Multiple ray contributions at a shadow side

from one side to another that follow a straight line path through D (marked B in figure 2.3) and waves
that undergo total internal reflection one or more times before arriving at the given side (marked A in
figure 2.3).

We do not attempt here the di [cullt task of obtaining an analytical expression for the leading order
behaviour on a shadow side. Instead, we use the same approximation as [6], that ut = 0 and %—‘ﬁ: =0.

We remind ourselves that we are only solving for ut on I, hence we need no approximation for up.

2.6 Modified integral equations

Having identified the leading order behaviour, we separate it o [ahd formulate the integral equations.

We let

ut = Gy + Wy

out
an $ousan + WYausan

where



2 THE BOUNDARY-VALUE TRANSMISSION PROBLEM 20

1
3 %+ R)u' illuminated sides

Wy
= 0 shadow sides
1
%— R)4L illuminated sides
Wouson =
B 0 shadow sides

Then (2.10) and (2.11) become

@21 + Ko — K)by + (S —So)Pousan = (2u' —Wu) — (Ko — K)Py — (S — So)Pouon  (2.17)

ou

(To—T)du + 21 + K'=K@douson = (2% — Wauran) — (To — T)®y — (K= K5 Psu/042.18)

Thus our new unknowns are ¢ and ¢5,/5n. What do these represent? We can make a comparison
with the acoustic scattering problem in [6] to gain a better understanding. As we do here, the leading

order behaviour (incident plus reflected field) is subtracted, and (2.12) becomes

_ i
(1 +inS + K9 = 2inu’ + 2‘?;:] — (1 +inS + K3

where 1/kous/on = ¢ + W. W = 20u'/dn on illuminated sides, and zero on shadow sides. ¢
represents the field that is dilracted round the corners of the polygon. We note that ¥ = Wy,/5n
when R = —1. This corresponds to the case when ko >> k, or when 0 - oo, and as we have said,
the electric field in D tends to zero in this case. Then we have the same exterior scattering problem
since u' must be zero on I if it is zero inside, due to the boundary condition that the electric field is
continuous across the boundary. So for large values of o, ¢, and ¢4,/5n represent the di Lracted field on
the boundary. If o is small or zero, then we expect that the incident wave will be primarily transmitted
through D. Then ut and du'/dn are not negligible on shadow sides (see figure 2.5.2). Then ¢, and
bausan Will continue to represent the dilracted field on illuminated sides, while on shadow sides they

will represent the di[racted and transmitted fields.
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3 Parameterisation and the Approximation Space

3.1 Parameterisation

To solve the boundary integral equations, we need to discretise the boundary, and parameterise the

variables x and y on the boundary. Schematically we have

1
—1
1
(—
1
—1
1
Q4 Q3
na
P4 ‘ —1 P3
M3
ny -2 r, g
X r
= ' P,
na

Q]_ QZ
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B is measured anti-clockwise from the downwards vertical, and d = (sin6, —cos6) is the direction of
propagation. The unit normal on I} is given by n = (n1, ny) = (b, —a;), with
au! - _ou au!

— . - - —_ i i
) Gl - n(x) o ny + 6X2n2 (b sin® + &, cosB)u

We let s and t be parametric representations for x and y respectively, with s [T} and t [TJ;.

Then s and t are the distance traversed anti-clockwise around the boundary, with s =t =0 at P;. On

I we have
x(s) = P|+s(P'+T_I P'), s LQO, L)
|
= P LR, s
k=1 :
Thus
I f—
a© = prG— | LOCHTP, s
k=1
I J—
X(9) = q+(s- Lk)(b'“LIO"x s [T]
k=1

Now we define
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= P11 7P
a = L
= G170
by = »
I
G = pj—& Lk
k=1
T/
d = g —b Lk
k=1

which gives us the parameterised variables x(s) and y(t)

23
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vj“—“ on the sides of the polygon. Essentially, the vji are peaked near the corners (increasingly peaked
for more acute corners) and approximately constant away from the corners. This is illustrated in figure
3.2. The peak at A is due to v}’e“‘s, while the peak at B is due to vj_+1e_“‘5, so that the di [racted wave
causes peaked behaviour on the side it is di[racted onto. We do not expect a significant contribution

to the peak at B from v;"e'*, nor do we expect v, ;e to aledt the peak at A.

vieiks
B JJZI
A |Pj+1 I Pj
rj+1
— o—iks| L1

Figure 3.2: Dilracted behaviour at a corner

Thus on Fj,vj+ will be peaked near Pj, and approximately constant away from P; and towards
Pj+1. v} will exhibit the opposite, being peaked near Pj+1, and approximately constant as we move
towards Pj. The novelty of the Galerkin scheme in [6] is that the vj“—“ are approximated by piecewise

polynomials instead of76287[(I")-288(in)1(s)-1(tead)-287(0f)-J8.181'0n813oppf
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3.2.1 The mesh and basis functions

We define the mesh identically to that in [6]. On each side we have two meshes to fit the behaviour of
vji. We term gridx and gridy be the meshes around the boundary consisting of the individual vj+ and
Vi respectively, so that gridx = [v{, - Vp ]l and gridy = [vy, -+, vy 1. We let ngx and ngy be the
number of elements in gridx and gridy. We denote these by Fj+ and ;. On I’j+ the grading is high

(ie the nodes are very close together) at Pj (where vj+
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The basis functions, pj(t) are defined by

ikojt E[y Vieal
CViel
S R B
(Yj+1 Vi)
where &, v; .1 is the characteristic function for the interval [yj, yj+1]. &y, y;.0 = 1 if s LI, Yj+al

zero otherwise.

There are a few points to note here. v is the degree of polynomial we use in our basis function.
Here we use piecewise constants sov = 0. On I’ji we have a composite mesh. The high grading occurs
on the interval [0, A] with N mesh points separated by a polynomial grading. On the interval [A, A]
there is a geometric grading for IQA,;\,q mesh points. The choice of N ~tnsures that the polynomial
and geometric meshes exhibit a smooth transition. We take A = L; so that the mesh covers every
side in both directions. We also note that the mesh grading is determined by aj, which in turn is
determined by the corner angle w;j. The dependence is such that the approximation error in ¢ in [6] is
equidistributed across the intervals of the mesh.

Lastly we note that for the basis function pj, 05 = +1 if p; is on gridx and —1 if it is on gridy.

4 The Galerkin Method

We recall the integral equations (2.17) and (2.18)

21 + Ko — K)du + (S — So)bouan = (2u' — W) — (Ko — K)®y — (S — So)Psu/0n

(To — Tcf10.909F187.1.922Td[(detew-333((2.17))-333(and)-3336(2.18))] T J28.687-61.576F1510.9090f34.5992.22°
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bu =

T 1
ujpj(s),.0=s=<L
i=1

27
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1 CIT1 [C10C 1 1
A1 Az - Bu B oo e O P1)
o1 B21 - P2) [
— — —
—<411 Ci2 -+ Dun Dz - Vo P1)
me D21 ] |

In the following sections we describe the evaluation of the integrals in the matrix and right hand
vector. Once we have these, we solve the matrix equation (using the inbuilt solve function in Matlab)
to find the co-e [ciehts u; and vj, which completes our approximation to ¢, and 3,/ Via (4.1) and
(4.2). Then we compute the field everywhere using (2.3) and (2.5), but substituting ut = ¢, + ¥, and

ou/an = dausan + Wousen- Then

1 B00(x. ) 1
W00 = (Gu W) TGE = Gouon + Yauen)®(ko, % Y) d5(y), X [D

A 6(D(k);< ) - - =
W) = (u+ W) T Y — (Gowen + Yowen) Pk, X, y) ds(y) +u'(x), x CRP\D

r an(y)

4.1 Left Hand Side

We have five integrals to determine for the left hand side of the matrix equation.

Li = (2pj,Pm)

L2 = ((Ko—K)pj,pm)
Ls = ((K'=Ko)pj,pm)
Ls = ((S—So0)pj,Pm)

Ls = ((To—T)pj,Pm)
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411 L,

q —_
(2pj.pm) = 2 Pj(s)pm(s)ds

eiks(oj —Om)

= — — (4.3)
supp(j)nsupp(em)  (Ym+1 —Ym) (Yj+1 —Yj)

The basis functions are defined only on their intervals, so L, is non-zero where the basis functions

overlap. Denoting rh and Ih to be the ends of the overlap,

1 )
%(elk((’j —o/m)rh_elk(cj 7cm)lh)
- v (JrR=0)
L, = ik(oj—om)  (Yj+1—Yi)(Ym+1—Ym) 1 m

= A Gl 0j = Om

W+ Ymr1—Ym)

41.2 Ly and Lj

We recall that

bk, x,y)

Kooy =2 =5 )as()

where

0ok, x,y) _ _0v(k,%x,Y) 0P(k, X,Y)
“onky) = LAk, x,y) -n(y) = ay1 ng + 3y, Nz

i @ ] 2 2
ok, x,y) = ZHO (kR),R=|x—y|= (X1 —y1)" + (X2 —Y2)

We have that c%H,(f)(z) =i madmmmadzzdH
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ik HOKR)

KWd(x) =2 2 =

[(X1 — y1)n1(X) + (X2 — y2)n2(X)] Y (y)ds(y)

Now we parameterise using s and t, s [T} and t [T} (see section 3.1), to obtain the integrals in

parameterised form

1]
Kus) = 2 k(s Hut)dt
s
Kidis) = 2 kis, Hy(t)dt
r
where
_ ikHOKR)
k(s,t) = ZT[(a.bj —biaj)s + (¢ — ¢5)bj — (dy — dj)aj]
i @
(s, = MR e —bagt+ @ — - @ - apan
Then
: ® _ ®
(-t = o LR TR o, —yapys -+ - gty — (@1 - dyay]
—i @ _ @
K-k, ty = — K (KR = Kol TR 1o by — byt + (o1 — )b — (i — dpay

4 R
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and

5 IrS’Im+1 ijljﬂ (kikol:)(s,t)eik(o—jt_cms)

I dtds
Ym Vi Ym+1 = Ym)(Yj+1 —Yj)

L3=

We evaluate these, and all the integrals that follow that are not analytic, numerically using Gaussian
guadrature. Further details are given in section 4. We observe that for | = j, when s and t lie on the

same side of the polygon (ko — k)(s,t) = (k"= k§)(s,t) = 0, and therefore L, and L3 are zero.
4.1.3 Ly
L1 :
SY(X) =2 -k, X, y)¥(y)ds(y), and analogous to the evaluation of L3 and L4, we have the param-

eterised kernel (s — so)(s, t) = L(H{P (kR) — HP (koR)). For I & j,

L, =2 Ijylm+1 I;ljﬂ Ks — §o)(S, t)eik(ojt—oms) ditds
4 = 1 1
ym Y Ym+1 = Ym)(Yj+1 —Yj)

For | = j, we can evaluate some of the integral analytically. We note that R = |s — t|, and use the

following integral representation for the Hankel function [9, 12.31]

1 —2i
HP(s) = ==
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s 5
I(r) =

Ym Yj

+1 .
e(|—r)k|s—t|+|k(0jt—c:fms) _

99 _,

32
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I

34

1

ail‘w = aaxl ?Hp(kR).R_l. [(X1 — y1)ni(y) + (X2 — y2)n2(Y)]

]

H® (kR)
kR

1
2y —
—Hiz)(kR) M

+kHP (kR)
+kHM (KR)

—(A;yil) [(x1 —y1)n1(Y) + (X2 — y2)n2(Y)]

L [ = yDnu(y) + (x2 = y2)na(y)]

1

R

_(*Xég_yfl) n1(y)
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HP@2) = 3@ +ivi@)

z 2iC(1)
2F(2)_ nz
_ oz 2
T2 mz

Therefore the kernel becomes

(o —(s, 1) = (b22_

’

asz - 0

35
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42.1 R;and R,

. Igm+1 i —ikoms
Ui — 2W,, pm) = @Yy =3Pu)e ™ o
Ym (Ym+1 = Ym)

On shadow sides, W, = 0, so we have

|ry|m+1 2eik[(a.s+c|)sine—(b|s+d|)cose]—ik0ms
= —1

R4 ds

Ym Ym+1—Ym)

36

(4.8)

On illuminated sides, W, = (1+R)u', (2u' —2¥,) = —2Ru', so we have (4.8) mulitplied by a factor

of —R. We also have W3,/5n = 0 on shadow sides, so

_ ljylmﬂ 2 [bl sinf + ay cos 9] eik[(a.s+c|)sinG—(b.s+d|)cose]—ikcrms

Ym Ym+1—Ym)

(4.9)

On illuminated sides, ¥, = (1 — R)du'/an, (20u'/0n — 2W¥;,,,5n) = 2ROU'/dn, and we have (4.9)

multiplied by R. Thus

L1

 — | 2eik(c|sin®—dicgsé) I%ilk(msine—b.cose—om)ymﬂ — gik(arsin8—b;cos8—om)ym L

| —— v
R, = ik(a;sin6—b;cosb—om) (Ym+1—Ym)

 — —2Rek(ci1sind—dycosd) e1k(a1SinB—b;cos8—0m)ym+1 — gik(a1Siné—bycos8—0m)ym
ik(asin6—bjcosb—om) (Ym+1—Ym)

Likewise

- o O
[ (tisind+aycos6)et "0~ 1c0s®) Tk (aysing—bicosd—om)ym-+1 — gik(aisinB—bjcos8—om)ym
R, = ik(a;sin6—b;cosb—om) (Ym+1—Ym)
Iﬂ.(b.sin9+a|cose)eik(f_ysme‘dlCOSB) ng(a|sin9—b|0039_0m)ym+1 — pik(arsin8—b;cos8—om)ym
ik(asin6—bjcosb—om) (Ym+1—Ym)

4.2.2 R3,R4,Rs5,Rs

R: = ((Ko—K)¥y,pm)

_ o, ™ (ko — (s, PW(Ddtetome |
ym Y2 L (Ym+1 = Ym)

shadow side

illuminated side

shadow side

illuminated side
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We change the order of integration and split the integral over the illuminated sides to a sum of the

integrals over each illuminated side, denoting the reflection co-e [cieht on Mk by Ry

ﬂjzl Lp IE;mﬂ Ko — W(t)dse—ikoms ]
Ry = 2 ’ (ko — s, ¥(Ddse W(t)dt
j=ns+1 Zf);i Lp Ym (Ym+1 — Ym)
_ T e I (ko = (s e b tons]
j=ns+1 Zf);::t Lp  ym Ym+1—Ym)
Similarly
j i = i —N: p—
Ry = 2 T%l Ry) [bj cos 8 + aj sin 8] e'k(Cisind—djcost) s D (k= kg)(s,!—_i; e o dsc
j=ns+1 Ef);i Lp  ym (Ym+1 — Ym)
1 )
Rs = 2 (1 — Ry) [bj cos 8 + aj sin 8] ™

j=ns+1
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e((|—r)k—|kcrm)xm+1 — e((|—r)k—|kcrm)xm e((r—l)k+|k0j MXm — e((r_l)k+|k0j )i

n = (i — )k — ikom (r — DK + ikoj
e((i=Nko—ikom)xm+1 — g((i=Nko—ikom)xm  a((r—i)ko+ikaj)xm — o((r—i)ko+ikaj)y;
B (i — ko — ikOm (r — i)ko + iKo;j
e((r=i)k=ikam)xm+1 — g((r—k—ikom)xm  o((i=r)k+ikaj)yj+1 — g((i—r)k+ikoj)xm-r1
M (r — i)k — ikom (i — Nk + iko;
e((r—i)ko—ikom)xm+1 _ e((r—i)ko—ikcrm)xm e((i—r)ko+ikcrj)yj+1 _ e((i—r)ko+ik0j YXm+1
B (r — i)ko — iKOm (i — ko + ikg;
1 e(ik(oj —O0m))Xm+1 — e(ik(oj —0m))Xm e(r—i)k(xm—xm+1)+ik(oj Xm+1—0mXm) — eik(oj —0Om)Xm
(r — i)k — ikom ik(0j — Om) - (i — Nk + ika;
1 e(ik(oj —O0m))Xm+1 — e(ik(oj —0m))Xm e(r—i)ko(xm—xm+1)+ik(oj Xm+1—0mXm) — eik(cj —0Om)Xm
~ (r—i)ko — ikom ik(0j — Om) B (i — ko + iko;
1 e(ik(oj —O0m))Xm+1 — e(ik(oj —0m))Xm eik(cj —Om)Xm+1 — e(r—i)k(xm—xm+1)+ik(ojxm—omxm+1) [
~ (i—r)k—ikom ik(0j — Om) - (r — )k + iko;
1 e(ik(cj —O0m))Xm+1 — e(ik(cj —0m))Xm eik(oj —Om)Xm+1 — e(r—i)ko(xm—xm+1)+ik(0j Xm—0mXm-+1)
(i — ko — ikom ik(0j — Om) B (r — i)ko + iKo;

4.3 Gaussian quadrature

We have encountered many integrals that we cannot evaluate analytically, so we use Gaussian quadra-
ture. Gaussian quadrature is a method of numerically approximating a definite integral by taking the
weighted sum of the function value at a set of given nodes. ie

L4 J (h—

giy)dx = wig(yi)
-1 i=1

where we have ng nodes at the points y; with corresponding weights w;. For ng quadrature points,
the method yields an exact result for polynomials of degree 2n — 1. The integrals we encounter cover
some interval [a,b], so we transform the weights and nodes to an integral over [—1, 1], which is the

standard interval for Gaussian quadrature
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(yi+1)
2

We have encountered two types of integral that we must approximate numerically, and we will

briefly discuss how we apply the method of Gaussian quadrature in each case.

4.3.1 1-D non-oscillatory integrals

These are integrals of the form (4.4) and (4.10). After substitution, we evaluate with 100 quadrature

points. This should produce a close approximation due to the non-oscillatory nature of the integral.

4.3.2 2-D oscillatory integrals

Every integral that does not fall into the previous category, we classify as a 2-D oscillatory integral.
To begin, there is the obvious complication that we have only looked at approximating 1-D integrals.

We carry out a 2-D quadrature as follows. We have the double integral

Ty
| = g(s, t)dtds
a C
We first compute an approximation to the inner integral, h(s) = I_C_&lg(s,t)dt forsj,i=1,---,n¢
happrox = Witg(si,ti)

i=1

and then approximate the outer integral using happrox

s
lapprox = Wi happrox(Si)
i=1

where ng and n¢ are the number of quadrature points we use in the s and t directions. There are

two points to note here. Firstly, we require nodes in both directions, so we expect the quadrature to be
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0.15"a is the minimum of a or ¢. The graded 2-D mesh is illustrated below. Note that it is not to
scale (the actual mesh is very highly graded towards (a, c)) in order to clarify the sub-division of the

interval.

c+ ht

A
c L a+ hg

Figure 4.3: Graded mesh near a singularity or peak

The original integral is changed to individual integrals over A, A, -+, Apj+1. Asn
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Figure 5.3: Acoustic scattering without subtraction of leading order behaviour, N=8,16,32,64

5.3 Transmission through a hexagonal ice crystal

We now consider transmission through a unit hexagonal ice crystal, side length 1. We use Nje =
1.31+0.011i, with an incident wavenumber of 20 and angle of incidence 6 = 491/100. We plot the total
and transmitted fields for values of N = 2,4,8,16,32 and 64 (figures 5.5 and 5.6). The transmitted
field is the total field minus the incident and reflected components, and is the part of the field that we
approximate by ¢, and b5,/5n. We also plot |by| and |d5,/5n] On the boundary for N = 32,64 and
128 (figure 5.7).
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errors for N = 2,4, 8, 16,32 and 64 in table 5.2.

5.5 Transmission through a thin strip

Figure 5.10 shows plots of the total and transmitted field for an incident field (k = 20,0 = 4911/100)
on a rectangular strip with dimensions 1 by 10. Inside kg = 34 + 5i. We see very clear features; a
partially reflected wave interacting with the incident wave; di [raction at either end of the strip giving
rise to noticeable interference patterns in the shadow zone behind the obstacle; and a travelling wave

inside the strip that is attenuated relatively strongly.

6 Conclusions and Further Work

We have adapted a Galerkin boundary element method for acoustic scattering and applied it to an
electromagnetic transmission problem.

We have obtained encouraging results, but it is clear that this particular Galerkin boundary element
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solution of electromagnetic scattering problems can be enhanced using methods developed for acoustic
scattering”, with reference to the Galerkin scheme we have implemented. Despite a lack of tangible
results, this method has showed decent promise and further work in this area should prove to be

worthwhile.
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Figure 5.5: Total (left) and transmitted (right) fields for transmission through a hexagon, k = 20,6 =
491/100,N = 2,4,8
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Figure 5.7: Plots of |¢y| (left) and |psu/0n| (right) on the boundary of the hexagon

N | Relative L? error ¢, | Relative L? error ¢3,/0n
2 4.0397%10 0 3.5475%10 0
4 6.2566x10 © 5.5322x10 ©
8 1.0164x10 © 1.3859x10 ©
16 9.108x1071 1.6887>10 °
32 1.0020x10 © 8.262x1071
64 8.691x1071 3.284x1071

Table 5.2: Relative L2 errors for trianlge case
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Figure 5.8: Total field plotted for transmission through a triangle, k = 4,8 = /3, N = 16 (top left),
N = 32 (top right), N = 64 (bottom left) and N = 128 (bottom right)
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Figure 5.9: Plots of |[¢py]| and |bs,/5n] ON the boundary of the triangle
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Figure 5.10: Total and transmitted fields for transmission through a thin strip
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