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Abstract

A number of multidimensional slope limiting operators are presented

for MUSCL�type �nite volume schemes in two dimensions on triangular

grids� The most compressive limiter considered� in the sense that it attains

the highest possible magnitude for the reconstructed solution gradient�

is implemented in a manner whereby the reconstruction of the solution



� Introduction

High order Total Variation Diminishing �TVD� schemes hav



of equations� speci	cally the shallo
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In the present case the numerical �ux function of Equation �
��� at a cell edge�

such as one of those shown in Figure 
�
� is written in terms of the reconstructed

solution values from the two neighbouring cells at the midpoint of the edge� so

that �f� is now written

�f��uL� uR� � �f��u� � �r�k � �L�� uk � �rk� � �Lk� � �
���

where �rij is the vector from the centroid of cell i to the midpoint of the edge

between cells i and j� and �Li is the gradient of the reconstructed solution in cell i�

In the notation used here uL is considered to be an interior reconstructed solution

value relative to the cell under consideration and uR is the corresponding exterior

value� taken from the adjacent cellwhich is generally di�erent� This motivates the

subsequent use of a Riemann solver to evaluate the edge �uxes� It now remains

to de	ne an appropriate gradient �L for the linear reconstruction of the solution

within each cell of the grid�

A simple gradient operator which is exact for linear data can be de	ned on

any grid by taking the �constant� solution value in three arbitrarily chosen� but

preferably adjacent� cells �i� j and k say� forming a triangle with anticlockwise

indexing of its vertices� and de	ning

�r��ijk� �

�������������������

�B	 �nx
nu

�ny

nu


CA for nu � �

�B	 �
�


CA otherwise �

�
����

in which � � ����� and nx� ny and nu are the components of the vector n normal
to the plane de	ned by the triangle ijk in xyu�space given by

n � �P i � P k�� �P j � P k� � �
����

where

P
�
�

�BBBBB	��� ����
where



deal with the possibility of �ijk having a non�positive area� An example of such

a triangle is shaded in Figure 
���



The Maximum Limited Gradient �MLG� scheme devised by Batten et al� �



improves on the LCD scheme by using the ideas of Durlofsky et al� ��
 to create a

far more compressive limiter� The MLG scheme chooses its initial reconstruction

from the four gradient operators

�r���
�� � �r���
�� � �r������ � �r���
��
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Figure 
��� The limiting planes as de	ned for a quadrilateral control volume�
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selection of the gradient operators� cf� �
���� and �
���� in the 	rst step of the

limiting� A grid cell now has four edge�neighbours and hence ten possible choices

for the gradient operator �all shown in Figure 
���� For the sake of computational

speed not all of these operators would be considered� In particular� the two

triangles in Figure 
��b� hav



� Maximise f�x� y� �







The DS limiter is similar in many ways to the slope limiters described above�

and the multidimensional gradient operators can be modi	ed and limited so that

the resulting scheme is equivalent on rectangular grids� The gradient operators

are decoupled into components in the two grid directions and a separate value of

� is calculated in the manner of �
���� �taking into account only the constraints

in the relevant grid directions� for each of the components� so

�L �

�B	 �xLx

�yLy


CA � �
�

�

The MLG�type limiting procedure calculates a single value of � which satis	es

� � min ��x� �y� �
�
��

and is therefore far less compressive�

The type of modi	cation given by �
�

� cannot be applied on grids where

successive cell centroids do not lie in a straight line� but then the DS approac





In both of the above limits the maximum is taken over the adjacent cells�

The global time�step restriction used with the DS limited scheme is de	ned

to be

�t � mini�j j�xijj


�
c�

p
u� � v�

�
ij

� �
�
��

where �xij is the vector joining the centroid of cell i to the centroid of cell j� an

edge�neighbour of cell i�

��� Results

Numerical experiments have been carried out to test the behaviour of all of the

schemes described in this report� The 	rst test presented here is the advection of

an initial pro	le given by the double sine wave function

u � sin�
�x� sin�
�y� � �
�
��

with velocity �� � ��� ��T over the domain ��� �
 � ��� �
� This problem has been
solved on three types of grid each of which is illustrated in Figure 
��� Periodic

boundary conditions are applied�

A B C

Figure 
��� The three grid types used for the numerical experiments�

Error estimates in the L� norm for the solution when t � ��� are shown in

Figure 
��� The errors in the L� and L� norms behave in a similar manner for

all of the grids used� In all of the numerical experiments the ratio dt
dx � ����

where dx is the length of any horizontal grid edge in Figure 
��� The 	rst order

scheme is unsurprisingly the least accurate� Of the second order schemes the

MLG limiter gives easily the most accurate results on grid A and is the only one

of the schemes on triangles that approaches second order accuracy �roughly ����

at the 	nest grid level�� better even than the dimensionally split quadrilateral

scheme for which errors are also shown in the 	gure� It should be noted that for

��



a precise comparison in terms of computational e�ort �i�e� number of cells rather

than grid size� the graph for the quadrilateral grid should be shifted ���� to the

right� Even then the MLG scheme is better� On the coarsest grid the GI scheme

is best but it rapidly deteriorates until it is only slightly more accurate than the

LCD scheme�

On grid B all of the linear reconstruction schemes on triangles give consider�

ably worse results than on grid A� in particular the MLG scheme� which is now

the worst on the 	nest grids� It is now the GI scheme which is the most accu�

rate� although the results are nowhere near the quality of those obtained on the

quadrilateral grids�

The advantage of using the GI scheme is clari	ed by considering a second

test case� It in









Scheme L� L� L� Peak value Time �s�

First order �����
 ����
� ������ ��
�� ��

LCD ������ ������ ������ ����� �
�

MLG ������ ���
�� ������ ����� ���

GI ����
� �����
 ��
��� ����� ��0 -.24 44-.24 442.08 690.1801 Tm
(���)Tj
ET
q
.48 0 0 0 -21.84 221..84 480. Tm
(���)Tj
ET
q
.48 0 Q
q
328.08 0 0 -.48 153.p
.48 0 0 0 -2124 442.08 690.1801 Tm
(���)Tj
ET
q
.48 0.���
��



by Roe ��
� The evolution of the discontinuous approximation to the solution

is modelled by constructing a series of approximate Riemann problems at the

edge midpoints with left and right states UL and UR respectively �the internal

and external states relative to the control volume�� Each Riemann problem is

solved by decomposing the �ux di�erence across the edge into its characteristic

components� which results in a numerical �ux function for edge k given by

�F ��UL� UR�� G
��UL� UR�� � �nk � �

� ��FL� G



so the limiti



pletely by the imposed solution values� �b� supercritical out�ow� where no eigen�

value is positive and the �ux is calculated from internal solution values� �c� sub�

critical in�ow� where one eigenvalue is negative whose corresponding Riemann

invariant is given its internal value and everything else is imposed� and 	nally











wave front reached the corner� The agreement with experimental data is good for

both schemes at P�� At P
 the re�ected wave fron







brie�y�

It has been shown that the family of monotonicity enforcing limiters can be

completely de	ned by constraints applied at the midpoints of the edges of the

cells� These constraints de	ne a region within which every valid limiter lies�

Furthermore� it follows that a limiter can be constructed which gives the maxi�

mum possible slope for the reconstruction� It has the property of removing the

dependence of the reconstruction on the geometry of the surrounding grid cells

but� although it is considerably cheaper than the most accurate of the previously

constructed limiters and preserves peaks far better� the general quality of the

solutions is worse� However� given the monotonicity region it should be possible

tol a monre-15000.1(rccurate)-14600(limiter)
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A The Shallow Water Equations

The shallow water equations depend on the conservative variables and �uxes given

by

U �

�BBBBB	
h

hu

hv


CCCCCA � F �

�BBBBB	
hu

hu� � gh�

�

huv


CCCCCA � G �

�BBBBB	
hv

huv

hv� � gh�

�


CCCCCA � �A���

where h is the depth of the �ow� u and v are the x� and y�velocities and g is the

acceleration due to gravity� and result in the following �ux Jacobians�

A �
�F

�U
�

�BBBBB	
� �



where c �
p
gh is the gravity wave speed�

In Roe�s approximate Riemann solver the eigenvalues and eigenvectors of the

matrix

�A� B



B The Euler Equations

The Euler equations depend on the conservative variables and �uxes given by

U �

�BBBBBBBB	

�

�u

�v

e


CCCCCCCCA
� F �

�BBBBBBBB	

�u

p � �u�

�uv

u�e� p�


CCCCCCCCA
� G �

�BBBBBBBB	

�v

�uv

p � �v�

v�e� p�


CCCCCCCCA
� �B���

where � is the density of the �ow� u and v are the x� and y�velocities� p is pressure

and e is the total energy� related to the other variables by an equation of state

which� for a perfect gas� is

e �
p

� � � �
�



��u� � v�� � �B�
�

and result in the following �ux Jacobians�

A �
�F

�U
�

�BBBBBBBB	

� � � �

���
� �u

� � v��� u� ��� ��u ��� ��v � � �
�uv v u �

���
� u�u� � v��� uH u��� � �� �H �� � ��uv �u


CCCCCCCCA
�B���

and

B �
�G

�U
�

�BBBBBBBB	

� � � �

�uv v u �

���
� �u

� � v��� v� �� � ��u �� � ��v � � �
���
� v�u� � v��� vH �� � ��uv v��� � �� �H �v


CCCCCCCCA
�

�B���

where H � �e

�
� ���

�
�u� � v�� is the total enthalpy�

In Roe�s approximate Riemann solver the eigenvalues and eigenvectors of the

matrix

�A� B� � �n � Anx �Bny �B���

are

�� � �unx � �vny � �c � �� � �unx � �vny �

�� � �unx � �vny � �
 � �unx � �vny � �c � �B���

��



and

r� �
��
��c

�BBBBBBBB	

�

�u� �cnx

�v � �cny

�H � �c��unx � �vny�


CCCCCCCCA
� r� � ��

�BBBBBBBB	

�

�ny
nx

��uny � �vnx


CCCCCCCCA
�

r� �

�BBBBBBBB	

�

�u

�v

�
�
��u� � �v��


CCCCCCCCA
� r
 �

��
��c

�BBBBBBBB	

�

�u� �cnx
�v � �cny

�H � �c��unx � �vny�


CCCCCCCCA
� �B���

respectively� and the corresponding wave strengths in ����� are given by �j � �Wj

for j � �� 
� �� �� where

�W � L�U �B���

and

L �

�BBBBBBBB	

� �unx	�vny
�� � �������u�	�v��

����c
nx
�� � ������u

���c
ny
�� � ������v

���c
�����
���c

�uny��vnx
�� �ny

��
nx
�� �

� � �������u�	�v��
��c�

������u
�c�

������v
�c�

� �����
�c�

�unx	�vny
�� � �������u�	�v��

����c �nx
�� � ������u

���c �ny
�� � ������v

���c
�����
���c


CCCCCCCCA
�

�B���

The Roe averages �u� �v� �c and �H are evaluated consistently from the average values

of the parameter vector variables given by

�Z �
�



�ZL � ZR� � �B����

where

Z �
p
�

�BBBBBBBB	

�

u

v

H


CCCCCCCCA
� �B����

��


